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Abstract
A theoretical analysis of possible influence of neutrino magnetic moments on the propagation
of ultrahigh-energy cosmic neutrinos in the interstellar space is carried out under the assumption
of two-neutrino mixing. The exact solution of the effective equation for neutrino evolution in the
presence of a magnetic field and matter is obtained, which accounts for four neutrino species cor-
responding to two different flavor states with positive and negative helicities. Using most stringent
astrophysical bounds on the putative neutrino magnetic moment, probabilities of neutrino flavor
and spin oscillations are calculated on the basis of the obtained exact solution. Specific patterns
of spin-flavor oscillations are determined for neutrino-energy values characteristic of, respectively,
the cosmogenic neutrinos, the Greisen-Zatsepin-Kuz’min (GZK) cutoff, and well above the cutoff.
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I. INTRODUCTION
A remarkable progress of neutrino physics in the last decades has led to the discovery
of neutrino oscillations, thereby showing that neutrinos are massive and mixed [1]. As is
well known, the neutrino massiveness supports the assumption that neutrinos have nonzero
electromagnetic characteristics [2]. The studies of such nontrivial neutrino properties have a
long history (see the recent review [3] and references therein). Owing to these studies many
phenomena which can be induced by neutrino electromagnetic interactions have been pre-
dicted and described theoretically. In particular, such interactions are expected to generate
observable effects in astrophysical environments [3, 4], where neutrinos propagate over long
distances in magnetic fields in vacuum and in matter. Among these effects the neutrino
spin-flavor oscillations play a special role, for they feature the nonzero neutrino masses and
electromagnetic properties on the one hand and the neutrino mixing on the other hand.
In this scope it is worth mentioning that the neutrino spin oscillations νL ⇔ νR induced
by the neutrino magnetic moment interaction with the transversal magnetic field B⊥ was
first considered in Ref. [5]. Later, the spin-flavor oscillations νLe ⇔ νRµ in the presence of B⊥
in vacuum were discussed in Ref. [6], and the importance of the matter effect was empha-
sized in Ref. [7]. The effect of the resonant amplification of neutrino spin oscillations in the
presence of B⊥ and matter was proposed in Refs. [8, 9], and the impact of the longitudinal
magnetic field B|| was discussed in Ref. [10]. The neutrino spin oscillations in the presence
of a twisting magnetic field were studied in Refs. [11–16]. Recently, a new approach to
the description of neutrino spin and spin-flavor oscillations in the presence of an arbitrary
constant magnetic field has been developed [16, 17]. Within this approach the exact quan-
tum stationary states in a magnetic field are used for classification of neutrino spin states,
rather than the neutrino helicity states that have been employed for this purpose within the
customary approach in many previous works. In Ref. [18], neutrino spin oscillations were
considered in the presence of an arbitrary constant electromagnetic field Fµν . The treatment
of neutrino spin oscillations in the circularly and linearly polarized electromagnetic waves
and the superposition of an electromagnetic wave and a constant magnetic field can be found
in Refs. [19–21].
One of the important developments in the field of neutrino astrophysics is a search for
ultrahigh-energy (UHE) cosmic neutrinos (even above PeV–EeV energies). These neutrinos
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are believed to be produced by reactions of UHE cosmic rays composed of protons and
nuclei and are expected to provide information about cosmic accelerators and the high-
energy, distant universe. It is well documented that the UHE cosmic ray spectrum varies
smoothly up to an energy E ∼ 40EeV and drops off steeply beyond this point. This behavior
is consistent with the Greisen-Zatsepin-Kuz’min (GZK) cutoff of about 50EeV [22], which
is set by production of pions in scattering of UHE cosmic rays off microwave photons. Thus,
the primary signature of the UHE cosmic rays above the cutoff would be the neutrinos they
produce in their interaction with the cosmic microwave background.
The UHE cosmic neutrinos can be detected with neutrino telescopes, for example, such as
the IceCube neutrino observatory, which started operations in 2010 and already has reported
observations of PeV cosmic neutrinos (see Ref. [23] and references therein). One of the major
advantages of exploring the UHE neutrinos as astrophysical messengers is supposed to be
their ability, as opposed to the case of charged particles, of traveling in straight lines in
magnetic fields in space. This feature allows one to point back their intensively energetic
sources in the sky, including active galactic nuclei, supernovae and associated phenomena
like γ-ray bursts, and compact objects such as black holes and neutron stars. At the same
time, even though neutrinos are generally believed to be electrically neutral particles1 they
can still have nonzero magnetic moments. This means that the propagation of the UHE
cosmic neutrinos can be influenced by the presence of magnetic fields due to the effect of
spin oscillations. In particular, this influence can be substantial in the interstellar space
of our galaxy, where the strength of a magnetic field takes on values of the order of few
µG [25]. Therefore, for both the current and the future studies with neutrino telescopes it is
timely to examine how spin-flavor oscillations in the interstellar magnetic field can change
the propagation pattern of UHE neutrinos.
The paper is organized as follows: in Sec. II we formulate the effective equation for
neutrino evolution in the presence of a magnetic field and matter. Numerical results for
probabilities of flavor and spin oscillations in the interstellar space are presented and dis-
cussed in Sec. III. Section IV summarizes this work. Finally, the Appendix is devoted to the
exact solution of the evolution equation.
1 The most stringent bound on the neutrino millicharge, which follows from the neutrality of matter, is
|eν | . 3× 10−21e [24].
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II. GENERAL FORMULATION
We limit ourselves to the case of two Dirac neutrino physical states, ν1 and ν2, with
masses m1 and m2. For treating neutrino evolution in the presence of a uniform magnetic
field B and homogeneous matter in the ultrarelativistic limit, we employ a four-component
basis of the helicity states ν1,s=±1 and ν2,s±1. The Schro¨dinger-like evolution equation is then
given by
i
d
dt


ν1,s=1
ν1,s=−1
ν2,s=1
ν2,s=−1

 = Heff


ν1,s=1
ν1,s=−1
ν2,s=1
ν2,s=−1

 . (1)
The effective Hamiltonian Heff consists of the vacuum and interaction parts,
Heff = Hvac +Hmat +HB, (2)
with Hmat and HB corresponding to the neutrino interaction with matter and a magnetic
field, respectively. In what follows, we transform to the flavor basis using the relations
νR,Le = ν1,s=±1 cos θ + ν2,s=±1 sin θ, ν
R,L
µ = −ν1,s=±1 sin θ + ν2,s=±1 cos θ, (3)
where νR,Le and ν
R,L
µ are electron and muon neutrino chiral states. In Eq. (3) it is taken
into account that in the discussed ultrarelativistic limit the chiral and helicity components
practically coincide. In the flavor representation, the vacuum Hamiltonian acquires the form
Hfvac = ω


− cos 2θ 0 sin 2θ 0
0 − cos 2θ 0 sin 2θ
sin 2θ 0 cos 2θ 0
0 sin 2θ 0 cos 2θ

 , (4)
where
ω =
∆m2
4Eν
, ∆m2 = m22 −m21, (5)
with Eν being the neutrino energy. The neutrino-matter interaction in the flavor basis (3)
is described by the Hamiltonian
Hfmat = λ


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 −1

 , (6)
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where λ = 1√
2
GFne, with the Fermi constant GF and the net electron density ne = ne−−ne+ .
The Hamiltonian of the neutrino interaction with a magnetic field in the flavor representation
can be presented as [26]:
HfB =


−
(
µ
γ
)
ee
B‖ µeeB⊥ −
(
µ
γ
)
eµ
B‖ µeµB⊥
µeeB⊥
(
µ
γ
)
ee
B‖ µeµB⊥
(
µ
γ
)
eµ
B‖
−
(
µ
γ
)
eµ
B‖ µeµB⊥ −
(
µ
γ
)
µµ
B‖ µµµB⊥
µeµB⊥
(
µ
γ
)
eµ
B‖ µµµB⊥
(
µ
γ
)
µµ
B‖


, (7)
where B‖ and B⊥ are the parallel and transverse magnetic-field components with respect to
the neutrino velocity, and the magnetic moments µ˜ℓℓ′ and µℓℓ′ (ℓ, ℓ
′ = e, µ) are related to
those in the mass representation µjk (j, k = 1, 2) as follows:
µee = µ11 cos
2 θ + µ22 sin
2 θ + µ12 sin 2θ,
µeµ = µ12 cos 2θ +
1
2
(µ22 − µ11) sin 2θ, (8)
µµµ = µ11 sin
2 θ + µ22 cos
2 θ − µ12 sin 2θ,
and (
µ
γ
)
ee
=
µ11
γ1
cos2 θ +
µ22
γ2
sin2 θ +
µ12
γ12
sin 2θ,(
µ
γ
)
eµ
=
µ12
γ12
cos 2θ +
1
2
(
µ22
γ2
− µ11
γ1
)
sin 2θ, (9)(
µ
γ
)
µµ
=
µ11
γ1
sin2 θ +
µ22
γ2
cos2 θ − µ12
γ12
sin 2θ.
Here γ1 and γ2 are the Lorenz factors of the massive neutrinos, and
1
γ12
=
1
2
(
1
γ1
+
1
γ2
)
. (10)
Let us first briefly recapitulate the main results for the case of the absence of a magnetic
field (or, more generally, when the neutrino interaction with a magnetic field is absent).
In such a situation, the neutrino states with different chiralities decouple, so that for the
left-chiral states in the flavor basis the evolution equation acquires the form
i
d
dt

νLe
νLµ

 =

−ω cos 2θ + λ ω sin 2θ
ω sin 2θ ω cos 2θ − λ



νLe
νLµ

 . (11)
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The eigenvalues of (11) are ω1,2 = ±ωm, where
ωm =
√
(ω cos 2θ − λ)2 + ω2 sin2 2θ. (12)
If initially the neutrino is in the νLe state, the flavor-change probability is given by [27]
PνLe →νLµ (t) = sin
2 2θm sin
2 ωmt, (13)
with
sin 2θm =
ω
ωm
sin 2θ. (14)
When the neutrino interacts both with matter and with a magnetic field, the evolution
equation (1) in the flavor basis leads to the following homogeneous system of first-order
linear differential equations:

i
dνRe
dt
=
[
−ω cos 2θ −
(
µ
γ
)
ee
B‖
]
νRe + µeeB⊥ν
L
e +
[
ω sin 2θ −
(
µ
γ
)
eµ
B‖
]
νRµ + µeµB⊥ν
L
µ ,
i
dνLe
dt
= µeeB⊥νRe +
[
−ωm cos 2θm +
(
µ
γ
)
ee
B‖
]
νLe + µeµB⊥ν
R
µ +
[
ω sin 2θ +
(
µ
γ
)
eµ
B‖
]
νLµ ,
i
dνRµ
dt
=
[
ω sin 2θ −
(
µ
γ
)
eµ
B‖
]
νRe + µeµB⊥ν
L
e +
[
ω cos 2θ −
(
µ
γ
)
µµ
B‖
]
νRµ + µµµB⊥ν
L
µ ,
i
dνLµ
∂t
= µeµB⊥νRe +
[
ω sin 2θ +
(
µ
γ
)
eµ
B‖
]
νLe + µµµB⊥ν
R
µ +
[
ωm cos 2θm +
(
µ
γ
)
µµ
B‖
]
νLµ .
(15)
The above system is equivalent to a fourth-order homogeneous linear differential equation.
This means that the general solution contains four linearly independent parts, namely
νf (t) =
4∑
α=1
Cαν
f
αe
−iω˜αt, (16)
where νf ≡ (νRe , νLe , νRµ , νLµ )T , ω˜α=1,2,3,4 and νfα=1,2,3,4 are the eigenvalues and eigenstates of
the effective Hamiltonian Hfeff (see the Appendix), and
Cα = 〈νfα|νf(0)〉,
4∑
α=1
|Cα|2 = 1.
III. RESULTS AND DISCUSSION
In this section we present and discuss numerical results for oscillations of UHE cosmic
neutrinos in the interstellar space. We neglect the neutrino interaction with the longitudinal
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magnetic-field component, setting (µ/γ)B‖ = 0. The latter is justified by large γ values
for UHE neutrinos. The magnetic field strength is set to the value B = 2.93µG that
has recently been measured by NASA’s Interstellar Boundary Explorer [28]. The neutrino
coupling to a magnetic field depends on the values of the diagonal and transition magnetic
moments. In the present calculations, the following case of neutrino magnetic-moment values
is inspected: µ11 = µ22 = µ12 = µν , yielding µee = µν(1 + sin 2θ), µµµ = µν(1− sin 2θ), and
µeµ = µν cos 2θ. For the putative magnetic moment we use the values µν = 2.6 × 10−12µB
and µν = 4.5 × 10−12µB, which correspond to the upper bounds (at 67% CL and 95%
CL, respectively) on the neutrino dipole magnetic moments obtained from the constraints
on the possible delay of helium ignition of a red giant star in globular clusters due to the
cooling induced by the plasmon-decay energy loss [29]. The neutrino interaction with a
magnetic field is then of the order of µνB ∼ 10−26 − 10−25 eV. Since in the interstellar
space ne . 10
6 cm−3, the matter effects can safely be ignored in the calculations, i.e., we
put λ = 0 and, accordingly, ωm = ω. The square mass difference is taken from the solar
neutrino measurements, ∆m2 = ∆m2sol = 7.37 × 10−5 eV2, and the vacuum mixing angle is
sin2 θ = 0.297 [30]. All numerical calculations are performed for the case when the initial
neutrino state is νf (0) = νLe .
Fig. 1 shows the flavor-change probability PνLe →νLµ for the neutrino propagating in vac-
uum with an energy typically anticipated for cosmogenic neutrinos, Eν = 1EeV [31, 32].
According to Eq. (13), the dependence of PνLe →νLµ on the neutrino propagation distance x in
this case is determined by the following formula:
PνLe →νLµ (x) = sin
2 2θ sin2
(
πx
Lvac
)
, (17)
where the vacuum oscillation length is Lvac = 4πEν/∆m
2 = 1.09 pc. The latter value
appears to be by orders of magnitude smaller than the Sun’s distance from the Galactic
Center (≈ 8 kpc). The neutrino flavor-change probability (17) reaches its maximal value
P max
νLe →νLµ = sin
2 2θ = 0.835 at distances xk = (2k + 1)Lvac/2, where k ∈ N0.
If the propagating neutrino interacts with an interstellar magnetic field the neutrino spin
oscillations become possible, which can influence the flavor-change probability (17) due to
the νL → νR conversion process. The results for PνLe →νLµ in this case are presented in Fig. 2.
They exhibit fast oscillations with the period Lvac which are modulated by a slowly changing
envelope curve that depends on the µν value. This behavior can be explained by the simple
7
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FIG. 1. The neutrino flavor-change probability as a function of the distance x traveled by an 1-EeV
neutrino in vacuum.
formula
PνLe →νLµ (x) = [1− PνL→νR(x)] sin2 2θ sin2
(
πx
Lvac
)
. (18)
The envelope curve is determined by the neutrino spin-flip probability PνL→νR = PνLe →νRe +
PνLe →νRµ which is also shown in Fig. 2. The PνL→νR results are very well fitted by
PνL→νR(x) = sin
2
(
πx
LB
)
, (19)
where LB = π/µνB is the magnetic oscillation length that takes on values of 263.2 pc and
455.6 pc for µν = 4.5× 10−12µB and µν = 2.6× 10−12µB, respectively.
The simple behaviors of the neutrino flavor-change and spin-flip probabilities, (18) and
(19), owe to the fact that LB ≫ Lvac. Indeed, in such a situation the spin oscillations
take place in the adiabatic regime compared with the flavor oscillations. It allows one to
draw an analogy with the amplitude modulation of a sinusoidal wave signal, where the
wave with the vacuum oscillation frequency ω = π/Lvac plays a role of the carrier wave and
that with a much lower frequency, ωB = π/LB, represents the modulation waveform. This
picture becomes inapplicable when the oscillation lengths LB and Lvac are comparable. For
8
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FIG. 2. The neutrino flavor-change (top panel) and spin-flip (bottom panel) probabilities as func-
tions of the distance x traveled by an 1-EeV neutrino interacting with an interstellar magnetic
field.
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example, this can be the case for neutrino energies of the order of the GZK cutoff, such as
Eν = 100EeV. The corresponding value of the vacuum oscillation length is Lvac = 109 pc,
which is of the same order of magnitude as the LB values under consideration. It can
be seen from Fig. 3 that the oscillation pattern of the flavor-change probability for a 100-
EeV neutrino interacting with an interstellar magnetic field qualitatively differs from that
in Fig. 2. In particular, it exhibits peaks of rather irregular intensity, whose maximums
not only do not reach the value P max
νLe →νLµ = 0.835, in contrast to the Eν = 1EeV case,
but even do not exceed the value of 0.8. This reflects an interplay between the flavor-
change and spin-flip processes, which is also manifested in the Eν = 100EeV results for the
PνL→νR probability presented in Fig. 3. It can be clearly seen that the x dependence of this
probability does not follow Eq. (19) and has a rather complicatedly-shaped waveform, which
is only approximately periodic.
So far we have discussed the LB ≫ Lvac and LB ∼ Lvac cases. However, if the neutrino
energy is well above the GZK cutoff, the Lvac scale can be substantially larger than LB.
Fig. 4 shows the neutrino flavor-change and spin-flip probabilities when Eν = 10ZeV, so
that the vacuum oscillation length is Lvac = 10.9 kpc (≫ LB), which even exceeds the Sun’s
distance from the Galactic Center. The results are qualitatively different from those both in
Fig. 2 and in Fig. 3. Namely, the flavor-change probability oscillates with a period of LB and
its maximal value is substantially suppressed, and the spin-flip probability oscillates with a
period of LB/2 and its maximal value is about 4–5% less than unity. These findings can be
explained by solving the system of first-order linear differential equations (15) in the limit
ωm = ω = 0 (this amounts to Lvac → ∞). One obtains the following eigenvalues: ω˜1,2 = 0
and ω˜3,4 = ±2µB. The corresponding neutrino flavor-change and spin-flip probabilities are
given by the following expressions:
PνLe →νLµ (x) = cos
2 2θ sin2
(
πx
LB
)
, PνL→νR(x) =
1
2
(1 + sin 2θ) sin2
(
2πx
LB
)
, (20)
with cos2 2θ = 0.165 and (1 + sin 2θ)/2 = 0.957. The strong suppression of the νLe → νLµ
conversion probability in the discussed limit stems from the fact that it takes place solely
through the spin-flip processes νLe → νRµ → νLµ and νLe → νRe → νLµ . The appearance of
sin 2θ and cos 2θ in Eq. (20) is due to the neutrino mixing which is reflected in the relations
between the neutrino magnetic moments in the flavor and mass bases (8).
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FIG. 3. The same as in Fig. 2, but when Eν = 100EeV.
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FIG. 4. The same as in Fig. 2, but when Eν = 10ZeV.
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IV. SUMMARY AND CONCLUSIONS
We have performed a theoretical analysis of possible effects of neutrino magnetic moments
on the propagation of UHE cosmic neutrinos in the interstellar space. An effective equation
for neutrino evolution in the presence of a constant magnetic field and homogeneous matter
has been formulated within the framework of two Dirac neutrino states. Using the exact
solution of this equation, we have calculated probabilities of UHE neutrino flavor and spin
oscillations for several neutrino-energy values, namely Eν = 1EeV, 100EeV and 10ZeV.
Characteristic behaviors of these probabilities depending on the relative scale of the vacuum
and magnetic oscillation lengths, Lvac and LB, have been determined. It has been found
that when Lvac ≪ LB the probability of flavor oscillations exhibits a vacuumlike dependence
on the neutrino travel distance modulated by the spin oscillations with a period of LB. If
Lvac ≫ LB, the probability of flavor oscillations has been found to be strongly suppressed
and having a period of LB that turns out to be twice larger than that of spin oscillations in
this case. Finally, in the Lvac ∼ LB regime one deals with a complex interplay between the
flavor and spin oscillation processes. In all the inspected regimes both the flavor and spin
oscillation probabilities have been found to be very sensitive to the value of the neutrino
magnetic moment µν .
Some comments should be made about the case of Majorana neutrinos. The major
difference, as compared to the Dirac neutrinos studied in the present work, consists not
only in the interaction of the right-handed Majorana neutrinos with matter but also in
general properties of their magnetic moments µMij . The matrix of the magnetic moments for
Majorana neutrinos is antisymmetric and Hermitian (see, for instance, Ref. [3] for details),
so that in the discussed scenario of two-neutrino mixing one has µM11 = µ
M
22 = 0 and µ
M
12 =
−µM21 = −(µM12)∗. From the latter relationship it follows that the transition magnetic moment
µM12 is a purely imaginary quantity and, using the putative magnetic moment µν , can be
parametrized as µM12 = ±iµν . It is straightforward to derive expressions for the flavor-
change and spin-flip probabilities in the absence of the neutrino interaction with matter,
which were examined in the previous section, in the Majorana-neutrino case. The resulting
expressions are
PMνLe →νLµ (x) =
(
L˜
Lvac
)2
sin2 2θ sin2
(
πx
L˜
)
, PMνL→νR(x) =
(
L˜
LB
)2
sin2
(
πx
L˜
)
,
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where L˜ = LvacLB/
√
L2vac + L
2
B. Both probabilities oscillate with the same period, in con-
trast to the Dirac case. Another distinct feature in comparison with the Dirac case is that
in the limit LB/Lvac → 0 the probability of flavor oscillations vanishes [cf. Eq. (20)]. In
principle, one might use the indicated marked differences to distinguish between Dirac and
Majorana neutrinos by measuring the flavor composition and/or deficit of active UHE neu-
trinos from similar astrophysical sources located at different distances from the Earth. A
more direct way, which makes use of the effect of the spin conversion νL → νR (ν¯R → ν¯L),
is to measure antineutrinos (neutrinos) from the sources of neutrinos (antineutrinos).
The results of the present analysis can be important for searches of UHE cosmic neutrinos
and interpretation of the data of neutrino telescopes. They also can be important for the
search of neutrino magnetic moments and studies of neutrino spin-flavor oscillations’ effects
in astrophysics.
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Appendix A: The eigenvalues and eigenstates of the effective Hamiltonian
The eigenvalues of the effective Hamiltonian Hfeff are determined by the roots of the
characteristic equation:
det
(
Hfeff − ω˜I
)
= 0. (A1)
Since Tr
(
Hfeff
)
= 0, from (A1) one obtains a quartic equation of the standard form,
ω˜4 + pω˜2 + qω˜ + r = 0, (A2)
with the coefficients [33]
p = −1
2
Tr
(
Hf 2eff
)
, q = −1
3
Tr
(
Hf 3eff
)
, r = det
(
Hfeff
)
. (A3)
The roots of (A2) are given by [34, 35]
ω˜1,2 =
1
2
R±
√
−R2 − 2p− 2q
R
, ω˜3,4 = −1
2
R±
√
−R2 − 2p+ 2q
R
, (A4)
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where
R =
√
y1 − p 6= 0,
with y1 being a real root of the resolvent cubic equation
y3 − py2 − 2qy + 4pr − q2 = 0.
If R = 0, then
ω˜1,2 = ±
√
−2p + 2
√
y21 − 4r, ω˜3,4 = ±
√
−2p− 2
√
y21 − 4r. (A5)
The eigenstate of Hfeff that corresponds to the eigenvalue ω˜α can be presented as
νfα =
1√
Nαj


Aαj1
Aαj2
Aαj3
Aαj4

 , N
α
j =
∣∣Aαj1∣∣2 + ∣∣Aαj2∣∣2 + ∣∣Aαj3∣∣2 + ∣∣Aαj4∣∣2 , (A6)
where Aαjk is the (j, k) cofactor of the matrix ||Hfeff − ω˜αI||, whose rank is supposed to be
r = 3. Clearly, the choice of the j value in Eq. (A6) is restricted by the condition that at
least one of the cofactors Aαjk=1,2,3,4 must be nonzero.
If the neutrino state at t = 0 is
νf (0) =


ζ1
ζ2
ζ3
ζ4

 , | ζ1 |
2 + | ζ2 |2 + | ζ3 |2 + | ζ4 |2= 1, (A7)
the solution of Eq. (15) can be presented in the form
νf (t) =


C11 C12 C13 C14
C21 C22 C23 C24
C31 C32 C33 C34
C41 C42 C43 C44




e−iω˜1t
e−iω˜2t
e−iω˜3t
e−iω˜4t

 , (A8)
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where the integration constants Cnm are given by the following expressions:
Cn1 = − β
(4)
n + β
(3)
n ω˜1 + β
(2)
n (ω˜2ω˜3 + ω˜2ω˜4 + ω˜3ω˜4) + β
(1)
n ω˜2ω˜3ω˜4
(ω˜1 − ω˜4)(ω˜1 − ω˜3)(ω˜1 − ω˜2) , (A9)
Cn2 = −β
(4)
n + β
(3)
n ω˜2 + β
(2)
n (ω˜1ω˜3 + ω˜1ω˜4 + ω˜3ω˜4) + β
(1)
n ω˜1ω˜3ω˜4
(ω˜2 − ω˜4)(ω˜2 − ω˜3)(ω˜2 − ω˜1) , (A10)
Cn3 = − β
(4)
n + β
(3)
n ω˜3 + β
(2)
n (ω˜1ω˜2 + ω˜1ω˜4 + ω˜2ω˜4) + β
(1)
n ω˜1ω˜2ω˜4
(ω˜3 − ω˜4)(ω˜3 − ω˜2)(ω˜3 − ω˜1) , (A11)
Cn4 = −β
(4)
n + β
(3)
n ω˜4 + β
(2)
n (ω˜1ω˜2 + ω˜1ω˜3 + ω˜2ω˜3) + β
(1)
n ω˜1ω˜2ω˜3
(ω˜4 − ω˜3)(ω˜4 − ω˜2)(ω˜4 − ω˜1) , (A12)
with
β(1)n = ζn, β
(2)
n =
4∑
k=1
hfnkζk, β
(3)
n =
4∑
k,l=1
hfnkh
f
klζl, β
(4)
n =
4∑
k,l,m=1
hfnkh
f
klh
f
lmζm.
(A13)
Here hfnk are the matrix elements of the effective Hamiltonian H
f
eff .
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